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Heavy quark damping rate in hot viscous QCD plasma
Sreemoyee Sarkar∗ and Abhee K. Dutt-Mazumder†
High Energy Nuclear and Particle Physics Division,
Saha Institute of Nuclear Physics, 1/AF Bidhannagar, Kolkata-700 064, INDIA
We derive an expression for the heavy quark damping rate in hot quark gluon
plasma in presence of flow. Here all the bath particles are out of equilibrium due
to the existence of non-zero velocity gradient. The magnetic sector shows similar
infrared divergences even after hard thermal loop corrections as one encounters in
case of non-viscous plasma. We estimate the first order correction in (η/s) for heavy
quark damping rate due to the non-zero viscosity of the QCD plasma.
I. INTRODUCTION
It is now generally accepted that the matter produced in Relativistic Heavy Ion Collider
experiments behave like near ideal fluid. In such collisions the ratio of the shear viscosity
(η) and the entropy density (s) is estimated to be not more than few times the lower bound
of η/s = 1/4π [1]. This conclusion has been drawn from the success of ideal hydrodynam-
ics particularly in explaining both hadron transverse momentum spectra and elliptic flow
(v2(pT )) in the low pT region.
The v2(pT ), is the second harmonic of the azimuthal distribution of the produced particles
with respect to the reaction plane which is measured as a function of transverse momenta
of various particle types and for different impact parameters. The ideal hydrodynamic
description however breaks down for pT > 2GeV beyond which v2(pT ) does not rise as
predicted by non-viscous hydrodynamics[2, 3].
In ideal hydrodynamics v2(pT ) shows a rising trend with increasing pT [3]. Recently
several investigations have been performed to address this issue and it has been shown that
the falling trend of v2(pT ) in the higher pT region can naturally be explained by invoking non-
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2ideal (viscous) hydrodynamics. It is to be noted that in non-ideal fluid the energy momentum
tensor (T µν) apart from the ideal (non-interacting) part will also receive a correction term
δT µν involving both the coefficients of shear (η) and bulk viscosity (ζ). Stating differently in
non-ideal fluid, the sound attenuation length Γs = (4η)/(3(ǫ+ p)) is non-zero. However, the
attenuation length is small compared to the expansion rate τ , where ǫ is the energy density
and p is the pressure of the fluid [2].
It is to be noted that a strong hydrodynamic response is possible when Γs < τ . The
non-zero η (or Γs) modifies both the equation of motion and also the particle distribution
functions. The latter now will have a viscous correction term δf i.e for the fluid particle dis-
tribution function and we shall write f = f 0+ δf , where f 0 is the local thermal distribution
function [3]. δf involves the sound attenuation length which however can be determined by
solving the linearized Boltzmann equation. In general δf contains both the shear and the
bulk viscosity coefficients, here, we restrict ourselves only to the modification of δf due to
η. A brief discussion on this will be presented in section IIA.
One of the major activities in the area of high energy heavy ion experiments have been
to understand how the dissipative effects modify various experimental observables like par-
ticle spectra, HBT radii or elliptic flow due to the modified energy momentum tensor or
the viscous corrected distribution function [4–6]. Recently the effect of non-zero η on the
photon and the dilepton production rates have been estimated [7–9]. In case of photon the
effect of non-zero viscosity leads to a larger thermalization time . According to the authors
of [9] the role of non-ideal effects is to increase the net photon yield due to slowing down
of the hydrodynamic expansion. For dilepton the space-time integrated transverse momen-
tum spectra shows a hardening where the magnitude of the correction increases with the
increasing invariant mass. Here the authors argue that the thermal description is reliable
for an invariant mass < (2τ0T
2
0 )/(η/s) [7], where, τ0 is the thermalization time and T0 is the
initial temperature. The effect of the viscous correction to the gluon dielectric function has
also been studied [10] with a specific choice of the direction of the intermediate momentum
exchange for the gluons. Attempt has also been made to calculate the drag and diffusion
co-efficient including the viscous corrections numerically [11].
In the present work we intend to calculate the heavy quark damping rate in presence
of longitudinal flow with viscous corrections upto O(η/s) which allows us to obtain closed
form analytical results. The calculation of quark damping rate in equilibrium QED or QCD
3plasma has already been studied in past few years [12–16]. From the study it has been
established that in non-viscous medium the quark damping rate is plagued with infrared
divergences. In the non-relativistic plasma, where one considers only the coulomb or electric
interaction such divergences are removed by the Debye screening effects. The problem be-
comes non-trivial in dealing with the relativistic plasma where one has to worry about both
the electric and the magnetic interactions. This additional complication actually arises due
to the absence of the static magnetic screening. In case of QED, in [14, 15] the authors have
shown that the electric contribution to the quasiparticle damping rate with plasma screen-
ing effects is finite and is of the order Γlong ∼ g2T (g is the coupling constant) whereas the
transverse part remains divergent even after inclusion of the plasma corrections. This is be-
cause the latter is only dynamically screened. To obtain a finite result another resummation
scheme has to be developed by using Bloch-Nordsieck propagator [14, 15]. In case of QCD
one also encounters similar problem in hot plasma where either one can use the magnetic
mass for the gluons or adopt similar resummation scheme as developed in [14, 15]. The same
problem was latter addressed in [17] by adopting renormalization group formalism. Both
the formalisms however yield the same final result with non-perturbative corrections for the
damping rate showing non-exponential time dependence. It would be worthwhile to note
that in degenerate plasma one obtains finite results with magnetic interactions without fur-
ther resummation unlike its high temperature counterpart. For detailed discussions about
these issues we refer the readers to [18–20].
The viscous part is operative only when there exists momentum anisotropicity i.e we
consider there exists a non-zero velocity gradient in such plasma. Naturally this is a major
departure from the above cited calculations where always the bath particles are assumed to
be in equilibrium. This is true only when there exists no velocity or temperature gradient
in the plasma and there is no external force.
II. FORMALISM
In order to calculate the heavy quark damping rate in a viscous plasma, we first recall
what is done in case of non-viscous medium. There one starts with the Boltzmann kinetic
4equation given by (
∂
∂t
+ vp.∇r + F.∇p
)
fp = −C[fp], (1)
here, the right hand side represents the collision integral which can be evaluated once the
interactions are known. vp = p/Ep is the particle velocity.
In absence of the external force and gradients of temperature, velocity or density Eq.(1)
takes very simple form,
∂fp
∂t
= −C[fp]. (2)
The collision integral can be written as sum of multiple terms representing various scattering
processes,
C[fp] = −(C[fp]1→2 + C[fp]2→2 + C[fp]2→3 + · · · ). (3)
In the present work we are interested only in the 2 → 2 processes and calculate only the
damping rate leaving collisional energy loss calculation for future work [21]. For two body
interaction (P +K → P ′ +K ′), the explicit form of the collision integral is the following,
C[fp] = 1
2Ep
∫
d3k
(2π)32Ek
d3p
′
(2π)32E ′p
d3k
′
(2π)32E ′k
× fpfk(1± fp′ )(1± fk′ )− fp′fk′ (1± fp)(1± fk)
× (2π)4δ4(P +K − P ′ −K ′)1
2
∑
spin
|M|2. (4)
It is to be noted that in Eq.(4) all the distribution functions designated by fi for i = k, k
′, p′
are either the Fermi or Bose distribution functions for the quarks or gluons respectively.
The ± signs include both stimulated emission or the Pauli blocking respectively.
In the present scenario we are concerned with the heavy quark damping rate scattering off
from quarks and gluons in the medium. The injected heavy quark now has both equilibrium
and a fluctuating part (fp = f
0
p + δfp) and all the bath particles are in equilibrium. f
0
i
denotes the equilibrium fermion or boson distribution function. Inserting fp = f
0
p + δfp in
Eq.(2) one can write,
∂δfp
∂t
=
1
2Ep
∫
d3k
(2π)32k
d3p
′
(2π)32E ′p
d3k
′
(2π)32k′
fEpf
0
k (1± f 0k′ )
× (2π)4δ4(P +K − P ′ −K ′)1
2
∑
spin
|M|2. (5)
5Note the difference of the thermal phase space here with that of the light quarks in [22].
While writing the above equation for high energetic parton the possibility of back scattering
has been excluded and the approximation (1 ± f 0E′p) ≃ 1 has also been incorporated in the
thermal phase space since Ep′ >> T . In the relaxation time approximation one can write,
∂δfp
∂t
= −C[fp] = −δfpΓ0p. (6)
We can identify Γ0p as the particle damping rate given by,
Γ0p =
1
2Ep
∫
d3k
(2π)32k
d3p
′
(2π)32E ′p
d3k
′
(2π)32k′
f 0k (1± f 0k′ )(2π)4δ4(P +K − P
′ −K ′)1
2
∑
spin
|M|2.(7)
Note that Γ0p is independent of non equilibrium part of fp and depends only on the
distribution of the bath particles.
A. Viscosity corrected distribution function
To incorporate the effect of flow of the medium, we take viscous corrected distribution
function as fi = f
0
i + δf
η
i for the bath particles, where, i = p
′
, k, k
′
. δf ηi is the first order
correction to the thermal distribution function which actually is constrained by the viscosity
or energy momentum stress tensor and also related to Γs. The form of δf
η
i depends on the
various ansatz [3, 23–25]
δf ηi = χ(k)
f 0k (1± f 0k )
T
kˆikˆj∇iuj. (8)
In principle χ(k) can be determined from various microscopic theories as discussed in [3].
In most of the hydrodynamic calculations it is assumed that δfk ∝ k2f 0k and the propor-
tionality constant is independent of the particle type. This is known as quadratic ansatz
which recently has been called into question [3]. For QCD it has however been shown that
χ(q)/χ(g) ≈ 1.70. For the present case we assume these to be equal.
For a boost invariant expansion without transverse flow one can incorporate the viscous
correction to the distribution function in the following way, [2, 9, 11],
δf ηi (k) = f
0
i (1± f 0i )Φi(k), (9)
6where,
Φi(k) =
1
2T 3τ
η
s
(
k2
3
− k2z
)
. (10)
The correction term given above is based upon the ”first approximation” described in [26]
and ”one-parameter ansatz” for a variational solution of [25]. The formal procedure for
determining the viscous correction using variational principle has been discussed in [25] in
great detail. The viscous modification holds true only in the local rest frame of the fluid and
it contains the first order correction in the expansion of shear part of the stress tensor. τ is
the thermalization time of the quark-gluon plasma (QGP) and the flow is along z axis. From
the above expression this is also evident that the non-equilibrium part of the distribution
function becomes operative only when there is a momentum anisotropy in the system.
In a medium with non-zero flow gradient with the distribution functions of the form
mentioned in Eqs.(9) and (10) the collision integral can be expressed as,
C[fp] = 1
2Ep
∫
d3k
(2π)32k
d3p
′
(2π)32E ′p
d3k
′
(2π)32k′
∑
i=1,2
αi(2π)
4δ4(P +K − P ′ −K ′)1
2
∑
spin
|M|2,(11)
where, αi’s represent the viscous modified phase-space distribution functions. α1 contains
the equilibrium part of the distribution functions, this gives us the usual interaction rate
mentioned in Eq.(7) where all the bath particles are in thermal equilibrium,
α1 = δfpf
0
k (1± f 0k′ ). (12)
α2 involves terms due to the viscous modifications to the light quark distribution functions
for the bath constituents,
α2 ≃ δfp
[
Φkf
0
k (1± f 0k′ )± Φk′f 0k′f 0k
]
. (13)
In absence of viscosity Φi’s are zero and we get back our result for usual quasiparticle
damping rate which is given by Eq.(7). In the relaxation time approximation using Eqs.(12)
and (13) the collision integral can be written as,
C[fp] ≃ δfp
(
Γ0(p) + δΓη(p)
)
(14)
where δΓη receives contribution from α2.
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FIG. 1: Amplitudes for heavy quark elastic scattering in a QCD plasma. A curly line denotes a
gluon (QCD). The amplitude (d) is specific to the QCD case. The blob in (a) and (d) denotes
the resummed hard thermal loop boson propagator, which is necessary to screen the t-channel
contribution in the infrared domain.
B. Damping rate in presence of flow
It has already been indicated in the previous section that in presence of non-zero flow
gradient particle distribution function gets modified with a term involving viscous corrections
as given by Eqs. (8), (9) and (10). For the heavy quark or the test particle the distribution
function also has a non-equilibrium fluctuating component δfp in addition to the equilibrium
part f 0p (δfp << f
0
p ). It is to be noted that the heavy quark distribution function is
independent of η.
In Eq.(4) we now insert the above mentioned viscous corrected distribution function to
obtain,
δΓηq(p) =
1
2Ep
∫
k,p
′
,k
′
[
Φkf
0
k (1± f 0k′ )± Φk′f 0k′f 0k
]
(2π)4δ4(P +K − P ′ −K ′)1
2
∑
spin
|M|2,(15)
in the above equation
∫
k
is shorthand for
∫
d3k/((2π)32k). The above expression has been
arrived at by neglecting terms O((η/s)2) and O(f 3i ). To proceed further we have to know
the interaction. In case of quark-quark (q-q) scattering of different flavours in the t channel
and the quark-gluon (q-g) scattering in the same channel the matrix amplitudes squared are
given by (see Fig.(1)) [27],
1
2
∑
spin
|M|2q1q2,t =
8g4d2FC
2
F
CA
(
s2 + u2
t2
)
,
1
2
∑
spin
|M|2qg,t = 8g4dFCFCA
(
s2 + u2
t2
+
s2 + t2
u2
)
. (16)
The above matrix elements are singular because of the t−2 = (ω2− q2)−2 dependence, where
ω and q are the energy and momentum transfer. There are now two singularities because
8of the Mandelstam variables, u and t. For small momentum transfers the singular behavior
can be cured with the help of the plasma screening which we discuss later in the present
section.
For the fermion exchange diagrams the matrix element is given by [27],
1
2
∑
spin
|M|2qg,s+u = −8g4dFC2F
(u
s
+
s
u
)
. (17)
From the above matrix elements we take only the terms which give leading contributions to
the heavy quark damping rate, hence, we approximately write,
1
2
∑
spin
|M|2t,qq = Ab,q
s˜2
t2
1
2
∑
spin
|M|2s+u,qg = −Af
(
s˜
u˜
+
u˜
s˜
)
, (18)
for heavy quark s˜ = s −m2q , u˜ = u −m2q . The group factor for t channel diagrams are
given by Ab,q =
d2FC
2
F
CA
and Ab,g = dFCFCA, where, Ab,q is relevant for quark-quark and Ab,g
for quark-gluon scattering. Af for s and u channel diagrams is Af = dFC
2
F . The divergences
in the t channel diagrams are usually removed with the help of the plasma screening. The
usual way to include this medium modification is to use the Hard Thermal Loop (HTL)
dressed propagator instead of bare one [28–30]. With the dressed gluon propagator the
quark-quark matrix amplitude squared looks like,
1
2
∑
spin
|M |2qq = 8Ab,qg4
[
1
(q2 +ΠL)
− vp,T .vk,T
(q2 − ω2 +ΠT )
]2
. (19)
In the above equation the medium modified gluon propagator contains the polarization func-
tions ΠL and ΠT , which describe plasma screening of interparticle interaction by longitudinal
and transverse plasma perturbations, respectively. In the large wavelength limit q << T
[23],
ΠL(q, ω) = m
2
DχL, ΠT (q, ω) = m
2
DχT , (20)
where,
χL =
[
1− x
2
ln
(
x+ 1
x− 1
)]
,
χT =
[
x2
2
+
x(1− x2)
4
ln
(
x+ 1
x− 1
)]
, (21)
9and mD is the gluon Debye mass. In the static limit (x = ω/q ∼ 0) above mentioned
polarization functions can be expanded to give rise to χL ∼ 1 and χT ∼ ipix4 when |x| << 1.
In this region the squared matrix element becomes,
1
2
∑
spin
|M |2qq = 8Ab,qg4

 1
(q2 +mD)
2 +
(
v2p − x2
)
q2cos2φ
(1− x2)
(
q6 +
pi2ω2m4
D
16
)

 , (22)
where, we have omitted the cross term of longitudinal and transverse interaction because
azimuthal angle φ integration gives zero contribution for this term. With the above matrix
amplitude squared we now compute viscous corrected quark damping rate for the quark-
quark scattering δΓηqq,
δΓηqq ≃
1
2Ep
∫
k,p,p′
[
Φkf
0
k (1− 2f 0k + 2ωf ′0k ) + ωΦ′kf 02k +O(ω2)
]
× 1
2
∑
spin
|M|2(2π)4δ4(P +K − P ′ −K ′) (23)
while writing the above equation we have used the following expansion,
f 0(k′) = f 0(k − ω) ≃ f 0k − ωf ′0k ,
Φk′ = Φ(k−ω) ≃ Φk − ωΦ′k. (24)
To simplify δΓηqq we neglect higher order terms in ω. With the bare interaction one observes
that the above mentioned damping rate has infrared divergences and also the order of di-
vergences for different terms are different. Both
∫
dq/q3 and
∫
dq/q divergences are present.
As mentioned earlier in this section the usual way to handle these divergences is to incor-
porate the effects of plasma screening. The method of calculating the effects of screening
developed by Braaten and Yuan [31] involves introducing an arbitrary momentum scale q∗
to separate the region of hard momentum transfer q ∼ T from the soft region q ∼ gT . The
arbitrary momentum scale is chosen in the way so that gT << q∗ << T , which is possible
in the weak-coupling limit g → 0. The contribution from the hard momentum region q > q∗
is calculated using tree-level scattering diagrams where the lower limit q∗ acts as infrared
cutoff.
The detailed calculations of all the terms in Eq.(15) have been presented in the Appendix
A and B. Here, we only quote the final results. The final expressions for both the electric
10
and the magnetic sectors in case of q-q scattering in the t channel take the following forms,
δΓη,Lqq =
(η
s
) g4Ab,q
4(2π)3τvp
[
π2
(
−vp
6
− v
3
p
9
+
v5p
10
)
+ ζ(3)
(
3
4
vp +
3
2
v3p −
21
20
v5p
)]
×
(
−1
2
+ ln
(
qmax
mD
))
,
δΓη,Tqq =
(η
s
) Ab,qg4πT 2
16(2π)3τvpm2D
(
7π4
15
− 45ζ(5)
2
)∫ q∗
0
dq
q
+
(η
s
) Ab,qg4
8(2π)3τvp
[(
π2
3
− 3ζ(3)
)(
−16v
5
p
225
− 4v
5
p
15
ln
∣∣∣∣ 2qmaxmD√πv
∣∣∣∣
)]
. (25)
In the high energy limit qmax ∼
√
EpT [32]. From the above equations it is evident that
the transverse sector contains both the finite and the infrared divergent terms. It is to be
noted that presence of ω in the numerator in Eq.(23) makes some of the divergent terms
finite once the integrations are performed. Still however
∫
dq/q divergence remains for the
first two terms in Eq.(23). This is reminiscent of what happens for the case of quasiparticle
damping rate in non-viscous plasma which requires further resummation as discussed in
[14, 15].
The physical processes responsible for these divergences are the collisions involving the
exchange of long wavelength, quasistatic, magnetic gluons, which are not screened by plasma
effects and show logarithmic divergence. The leading divergences can be resummed using a
nonperturbative treatment based on a generalization of the Bloch-Nordsieck model at finite
temperature [14, 15]. The resulting expression of the fermion propagator is free of infrared
divergences, and exhibits a nonexponential damping at large times [14, 15].
Later Boyanovsky et al have shown that result obtaind in [14, 15] can be reproduced
by invoking the renormalization group method [17]. This allows a consistent resummation
of infrared effects associated with the exchange of quasistatic transverse gluons leading to
anomalous logarithmic relaxation of the form e−αTt ln[ωpt] for hard momentum excitations
where α is the fine structure constant and ωp is the plasma frequency.
In this context we recall the result of the heavy quark damping rate in non-viscous
medium. It has been calculated long ago by Thoma and Gyulassy [33] in hot QCD plasma.
Here, we quote the final result,
Γ(p)0,Lqq =
g4AbT
3
96π
(
1
m2D
− 1
q2max
)
Γ(p)0,Tqq =
g4AbT
3vp
48πm2D
∫ q∗
0
dq
q
. (26)
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Thus we see that both the viscous corrected and non-viscous distribution functions for the
bath particles give similar divergent result without any additional divergence.
We now compute the contribution (δΓηqg) to the heavy quark damping rate from Compton
scattering. We start with Eq.(15), where, the matrix element for q-g scattering including all
three channelsM =Ms+Mt+Mu has to be inserted. First we estimate the contributions
from the s and u channel diagrams,
δΓηqg =
(η
s
) Afg4
32T 3τπ3Ep
[
2π4T 4
135
− T
3m2q
3Ep
(
2ζ(3) ln
∣∣∣∣4EpTm2q
∣∣∣∣+ 3ζ(3)− 2γζ(3) + 2ζ ′(3)
)]
.(27)
The contribution of quark-gluon scattering in heavy quark damping rate in a non-viscous
medium has the following form,
Γ(p)0qg =
1
16πEp
∫
d3kfk
(2π)32k
∫
dt
|M|2
s−m2q
=
g4T 2Af
48πEp
[
ln
∣∣∣∣4EpTm2q
∣∣∣∣ +O(1)
]
. (28)
The final expression for the heavy quark damping rate can be obtained by adding the
contributions from q-q (Eq.(25) and q-g (Eq.(27)) scatterings,
δΓηq = δΓ
η
qq + δΓ
η
qg
=
(η
s
) g4Ab
4(2π)3τvp
[
π2
(
−vp
6
− v
3
p
9
+
v5p
10
)
+ ζ(3)
(
3
4
vp +
3
2
v3p −
21
20
v5p
)](
−1
2
+ ln
(
qmax
mD
))
+
(η
s
) Abg4πT 2
16(2π)3τvpm2D
(
7π4
15
− 45ζ(5)
2
)∫ q∗
0
dq
q
+
(η
s
) Abg4
8(2π)3τvp
[(
π2
3
− 3ζ(3)
)(
−16v
5
p
225
− 4v
5
p
15
ln
∣∣∣∣ 2qmaxmD√πvp
∣∣∣∣
)]
+
(η
s
) Afg4
32T 3τπ3Ep
[
2π4T 4
135
− T
3m2q
3Ep
(
2ζ(3) ln
∣∣∣∣4EpTm2q
∣∣∣∣ + 3ζ(3)− 2γζ(3) + 2ζ ′(3)
)]
. (29)
where, we have defined Ab = Ab,q + Ab,g.
An interesting implication of the characteristic behaviour of the damping rate as ob-
tained above is closely related to the heavy ion experiments where non-equilibrated heavy
quark passes through the longitudinally expanding QGP medium. Damping rate eventually
determines how rapidly non-equilibrated heavy quark approaches its equilibrium state.
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III. SUMMARY AND CONCLUSION
In the present work we have calculated heavy quark damping rate in a viscous medium
restricting ourselves only to two body scattering processes i.e we consider only the quark-
quark and quark-gluon scatterings. It has been shown in the text, how does the viscosity
enter into the calculation via the viscous corrected distribution function in the phase-space
factor in presence of a flow gradient. We have restricted ourselves only to the leading order
contributions in η/s by dropping all the higher order terms. To further simplify the collision
integral the powers beyond the quadratic terms of the distribution functions have been
dropped. Furthermore, for the gluon exchange only the soft frequencies have been retained
following the standard techniques what one adopts to calculate the damping rate formalism
in non-viscous plasma. These approximations, in effect, allow us to present closed form
analytical results. The final result is based upon the ansatz mentioned in Eqs.(9) and (10).
It is to be noted for the flow we consider only the longitudinal gradient by assuming that
there is no transverse expansion. One of the interesting findings of the present work has
been the infrared behaviour of the transverse damping rate which has the same
∫
dq/q form
both for the viscous and the non-viscous part. To cure this divergence, which remains even
after using finite temperature HTL propagator due to the non-existence of screening for the
static gluons one may perform further resummation by using Bloch-Nordsieck propagator
or renormalization group method [14, 15, 17] as mentioned in the text.
Appendix: Damping rate calculation
1. Quark-quark scattering
In this section we explicitly show the computation of the q-q and q-g scattering rates
in the t channel in a viscous medium. First we evaluate the t channel diagram for q-q
scatterings. For this we start from the expression Eq.(15),
δΓηqq ≃
1
2Ep
∫
k,p,p′
[
Φkf
0
k (1− 2f 0k + 2ωf ′0k ) + ωΦ′kf 02k +O(ω2)
]
× 1
2
∑
spin
|M|2(2π)4δ4(P +K − P ′ −K ′)
= δΓ1 + δΓ2 + δΓ3 + δΓ4. (A.1)
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Considering the first two terms of the coefficient Φk,
δΓ1+2(p) =
(η
s
) 1
24(2π)52T 3τ
∫
d3p
′
d3k
EpEp′kk′
f 0k
(
1− 2f 0k
)(k2
3
− k2z
)
δ(Ep + k − Ep′ − k′)1
2
∑
spin
|M|2. (A.2)
In the collision integral we use the spatial delta function to perform the k
′
integration and
to shift the p
′
integration into an integration over q, where, q = p
′ − p. It is convenient to
introduce a dummy integration variable ω,
δ(Ep + k − Ep′ − k′) =
∫ ∞
−∞
dωδ(ω + Ep −Ep′)δ(ω − k + k′). (A.3)
Evaluating q = p
′ − p in terms of p, q and cosθpq and defining t = ω2 − q2 we find,
δ(ω + Ep − Ep′) = 1
vpq
δ
(
cosθpq − ω
vpq
− t
2pq
)
,
δ(ω − k + k′) = 1
q
δ
(
cosθkq − ω
q
+
t
2kq
)
. (A.4)
Using the above delta functions one can arrive at the following equation,
δΓ1+2(p) =
(η
s
) 1
(2π)4242T 3τvp
∫
dqdωdcosθqk
2dkdcosθkdφk
EpEp+qk(k− q) f
0
k
(
1− 2f 0k
)(k2
3
− k2z
)
× δ
(
cosθpq − ω
vpq
− t
2pq
)
δ
(
cosθkq − ω
q
+
t
2kq
)
1
2
∑
spin
|M|2. (A.5)
To perform the phase space integration we choose q along the z axis, p in the x− z plane
and k remains arbitrary,
q = (0, 0, 1)q ,
p = (sin θp, 0, cos θp)p ,
k = (sin θk cosφk, sin θk sin φk, cos θk)k . (A.6)
Using the first delta function integration over dcosθq can be done. The delta function
imposes the following condition on the angle θpq,
pˆ.qˆ = cosθpq =
ω
vpq
+
t
2pq
. (A.7)
Second delta function yields,
kˆ.qˆ = cosθkq =
ω
q
− t
2kq
. (A.8)
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With the help of the first delta functions the bounds on ω can be fixed as follows,
ω± = Ep −
√
E2p + q
2 ∓ 2Epvpq. (A.9)
In case of a high energetic quark i.e when Ep >> q, the above limits can be approximated
as ω ≈ ±vpq. Using the second delta function we explicitly write the term coming from the
viscous corrected distribution function as follows,(
1
3
− cos2 θkq
)
=
(
1
3
− χ
)
. (A.10)
First we consider the soft sector of Eq.(A.1),
δΓsoft1+2+3+4 =
(η
s
) Ab,qg4
(2π)34T 3τvp
∫ ∞
0
k4dk
∫ q∗
0
dq
∫ vpq
−vpq
dω
[(
f 0k − 2f 02k + 2ωf 0kf 0k′
)(1
3
− χ
)
+ Φ′kωf
02
k
]
 1
(q2 +m2D)
2
+
(
v2p − ω
2
q2
)
2
(
1− ω2
q2
) 1(
q4 + pi
2m4ω2
4q2
)

 . (A.11)
We use following results for the ω integration to proceed further,
∫ vpq
−vpq
(
1
3
−
(
ω
q
− ω
2 − q2
2kq
)2)
dω
=
q3
k2
(−vp
2
+
v3p
3
− v
5
p
10
)
+
2qvp
3
(
1− v2p
)
,
∫ vpq
−vpq
(
ω
3
− ω
(
ω
q
− ω
2 − q2
2kq
)2)
dω
=
q3
k
(
−2v
3
p
3
+
2v5p
5
)
. (A.12)
Hence, for the first two terms in Eq.(A.11) in the electric sector we get,
δΓsoft1+2,l =
(η
s
) Ab,qg4
(2π)34T 3τvp
[(−vp
2
+
v3p
3
− v
5
p
10
)∫ ∞
0
k2(f 0k − 2f 02k )dk
∫ q∗
0
q3dq
(q2 +m2D)
2
+
(−2v3p
3
+
2v5p
5
)∫ ∞
0
k4(f 0k − 2f 02k )dk
∫ q∗
0
qdq
(q2 +m2D)
2
]
=
(η
s
)[ Ab,qg4
(2π)34τvp
(−vp
2
+
v3p
3
− v
5
p
10
)(
π2
3
− 3ζ(3)
2
)(
−1
2
− ln
∣∣∣∣mDq∗
∣∣∣∣
)
+
Ab,qg
4T 2
(2π)34τvp
(−v3p
3
+
v5p
5
)(
7π4
15
− 45ζ(5)
2
)(
1
m2D
− 1
q∗2
)]
. (A.13)
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Hard gluon exchange gives,
δΓhard1+2,l =
(η
s
)[ Ab,qg4
(2π)34τvp
(−vp
2
+
v3p
3
− v
5
p
10
)(
π2
3
− 3ζ(3)
2
)(
ln
∣∣∣∣qmaxq∗
∣∣∣∣
)
+
Ab,qg
4T 2
(2π)34τvp
(−v3p
3
+
v5p
5
)(
7π4
15
− 45ζ(5)
2
)(
1
q∗2
− 1
q2max
)]
. (A.14)
In the high energy limit from the kinematics qmax can be taken as
√
EpT [32], hence,
δΓ1+2,l =
(η
s
)[ Ab,qg4
(2π)34τvp
(−vp
2
+
v3p
3
− v
5
p
10
)(
π2
3
− 3ζ(3)
2
)(
−1
2
+ ln
∣∣∣∣qmaxmD
∣∣∣∣
)
+
Ab,qg
4T 2
(2π)34τvp
(−v3p
3
+
v5p
5
)(
7π4
15
− 45ζ(5)
2
)(
1
m2D
− 1
q2max
)]
. (A.15)
The magnetic interaction on the other hand gives rise to,
δΓsoft1+2,t =
(η
s
) ηAb,qg4
(2π)38T 3τvp
∫ ∞
0
k4(f 0k − 2f 02k )dk
∫ q∗
0
dq
∫ vpq
−vpq
dω
(
1
3
− χ
) (v2p − ω2q2 )
2
(
1− ω2
q2
)(
q4 + pi
2m4ω2
4q2
)
≃
(η
s
) ηAb,qg4T 2π
(2π)316τvpm
2
D
(
7π4
15
− 45ζ(5)
2
)∫ q∗
0
dq
q
. (A.16)
The transverse part is infrared divergent even after using the HTL resummation and the
form of divergence is same as obtained in the non-viscous medium [14, 15].
Computation of the last two terms of the damping rate is presented below,
δΓsoft3+4,l =
(η
s
) ηAb,qg4
(2π)32T 3τvp
(
−v
3
p
3
+
v5p
5
)∫ ∞
0
(2k3f 0kf
′0
k − k2f 02k )dk
∫ q∗
0
q3dq
(q2 +m2D)
2
=
(η
s
) Ab,qg4
(2π)32τvp
(
−v
3
p
3
+
v5p
5
)(
π2
3
− 3ζ(3)
)(
−1
2
+ ln
∣∣∣∣ q∗mD
∣∣∣∣
)
δΓ3+4,l =
(η
s
) Ab,qg4
(2π)32τvp
(
−v
3
p
3
+
v5p
5
)(
π2
3
− 3ζ(3)
)(
−1
2
+ ln
∣∣∣∣qmaxmD
∣∣∣∣
)
. (A.17)
The transverse interaction on the other hand gives,
δΓsoft3+4,t =
(η
s
) Ab,qg4
8(2π)3τvp
[(
π2
3
− 3ζ(3)
)(
−16v
5
p
225
− 4v
5
p
15
ln
∣∣∣∣ 2qmaxmD√πv
∣∣∣∣
)]
. (A.18)
Unlike the previous two terms here in this case we obtain finite interaction rate in the
magnetic sector using the resummed propagator. This is because of the fact that one extra
ω in the numerator coming from the phase-space distribution function (ω∂fk/∂k) cures the
logarithmic divergence.
One obtains same result both for the q-q and q-g scattering t channel diagrams except
the multiplicative group factor. Ab,g differs from the quark case according to Eq.(16).
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2. Quark-gluon scattering
In this section we present the detailed calculation of the contribution of quark-gluon
scattering in the s and u channels to the total heavy quark damping rate. We start with
the following expression,
δΓηqg =
(η
s
) 8Afg4
2T 3τ
∫
d3kd3k′d3p′
(2π)52Ep2Ep′2k2k′
[
Φkf
0
k (1 + f
0
k′) + Φk′f
0
k
′f 0k
]
× δ4(P +K − P ′ −K ′)
[−u˜
s˜
+
−s˜
u˜
]
. (A.19)
In short notation we write the above equation as,
δΓηqg =
(η
s
) 8Afg4
2T 3τ
∫
d3kd3k′d3p′
(2π)52Ep2Ep′2k2k′
[
Φkf
0
k (1 + f
0
k′) + Φk′f
0
k
′f 0k
]
× δ4(P +K − P ′ −K ′)g(s, t, ω), (A.20)
where, g(s, t, ω) depends on the Mandelstam variables and exchanged energy. The k′ inte-
gration can be expressed as∫
k′
Φkf
0
k (1 + f
0
k′) + Φk′f
0
k
′f 0k
2k′
(2π)4δ(4)(P +K − P ′ −K ′)
= 2πΦkf
0
k (1 + f
0
k−ω) + Φk−ωf
0
k−ωf
0
kΘ(k − ω) δ((K −Q)2), (A.21)
with the help of the following expression∫
d3k′
(2π)3
1
2k′
= 2π
∫
d4k′
(2π)4
Θ(k − ω) δ((K −Q)2) .
To perform the integration over p′, p is chosen along the z axis and k in the y − z plane,
hence,
p = (0, 0, 1)p ,
k = (0, sin θk, cos θk)k ,
p′ = (sin θp′ sin φp′, sin θp′ cosφp′, cos θp′)p
′ . (A.22)
The integration over φ can be done with the help of the delta function as shown below,∫ 2pi
0
dφ δ((K −Q)2) = 2√
f
Θ(f) , (A.23)
where, f = B2 − A2. B and A can be expressed in terms of the Mandelstam invariants
[34, 35],
A = s−m2q + t− 2kEp′ + 2kp′ cos θk cos θp′ ,
B = 2kp′ sin θk sin θp′ . (A.24)
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We now change the variables from p′ and cos θp′ to t and ω respectively by the following
transformation,
t = 2(m2q − EpEp′ + pp′ cos θ),
ω = Ep −Ep′ . (A.25)
With this Eq.(A.20) now becomes,
δΓηqg =
(η
s
) Afg4
4T 3τπ2pEp
∫
k
1
2k
∫ 0
−∞
dt
∫ ∞
−∞
dω√
f(ω)(
Φkf
0
k (1 + f
0
k−ω) + Φk−ωf
0
k−ωf
0
k
)
g(s, t, ω) . (A.26)
Bounds on the integrals ω and t arise from the condition f = B2 − A2 ≥ 0. f(ω) can now
be written as follows [34, 35],
f(ω) = −a2ω2 + b ω + c , (A.27)
the coefficients of the above equation are [34, 35],
a =
s−m2q
p
,
b = −2t
p2
(Ep(s−m2q)− k(s+m2q)),
c = − t
p2
[t((Ep + k)
2 − s) + 4p2k2 − (s−m2q − 2Epk)2]. (A.28)
f(ω) is positive only in the domain ωmin << ω << ωmax, where the discriminant D =
4a2c + b2 is positive. Thus we have [34, 35],
ωmaxmin =
b±√D
2a2
,
D = −t (st+ (s−m2q)2)
(
4k sin θk
p
)2
. (A.29)
The condition D ≥ 0 leads to the 2 → 2 scattering processes with one massless and one
massive particle in the limit tmin ≤ t ≤ 0 with [34, 35],
tmin = −
(s−m2q)2
s
. (A.30)
We show latter in this section that the first term in Eq.(A.26) gives us the finite contribution,
the other terms are either quadratic in fk or higher oreder in ω. Hence, for the present
purpose evaluation of the first term is sufficient. Considering only the first term we obtain,
δΓηqg =
(η
s
) Afg4
4T 3τπ2pEp
∫
k
(
1
3
− cos2 θkz
)
kf 0k
2
∫ 0
tmin
dt
∫ ωmax
ωmin
dω√
f(ω)
[−u˜
s˜
+
−s˜
u˜
]
.(A.31)
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Evaluation of the ω integral gives,
Iω =
∫ ωmax
ωmin
dω
1√
f(ω)
= Re
∫ ∞
−∞
dω
1√
f(ω)
=
π
a
. (A.32)
Eq.(A.31) now becomes,
δΓηqg =
(η
s
) Afg4
4T 3τπEp
∫
k
(
1
3
− cos2 θkz
)
kf 0k
2
∫ 0
tmin
dt
1
s−m2q
[−u˜
s˜
+
−s˜
u˜
]
. (A.33)
Dominating logarithmic contribution from q-g scattering to the heavy quark damping rate
comes from the domain u˜min << u˜ << u˜max giving rise to,∫ u˜max
u˜min
du˜
s˜
[−u˜
s˜
+
−s˜
u˜
]
= ln
∣∣∣∣ sm2q
∣∣∣∣+ 12 − m
4
q
2s2
. (A.34)
We now focus in the limit Ep >> m
2
q/T , which implies s = m
2
q + 2PK ∼ O(EpT ) >> m2q.
In this limit we can consider only the logarithmic term ln
∣∣∣ sm2q
∣∣∣. The remaining k integral
can be evaluated as follows,
1
8π2
∫ ∞
0
k3dkf 0k
∫ 1
−1
d cos θk
(
1
3
− cos2 θkz
)
ln
∣∣∣∣2Epk(1− cos θpk) +m2qm2q
∣∣∣∣
=
1
8π2
∫ ∞
0
k3dkf 0k
(
2
9
− m
2
q
3kEp
ln
∣∣∣∣1 + 4Epkm2q
∣∣∣∣
)
=
1
8π2
(
2π4T 4
135
− T
3m2q
3Ep
(
2ζ(3) ln
∣∣∣∣4EpTm2q
∣∣∣∣+ 3ζ(3)− 2γζ(3) + 2ζ ′(3)
))
. (A.35)
The final expression for the q-g scattering in the s and the u is now given by,
δΓηqg =
(η
s
) Afg4
32T 3τπ3Ep
(
2π4T 4
135
− T
3m2q
3Ep
(
2ζ(3) ln
∣∣∣∣4EpTm2q
∣∣∣∣+ 3ζ(3)− 2γζ(3) + 2ζ ′(3)
)
. (A.36)
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